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Inverse problems

Forward model: generate y from x

Inverse problem: recover x from y

Most imaging systems can be formulated as a forward model

« Acquiring the image x is an inverse problem

« Solving an inverse problem is an ill-posed one-to-many mapping problem
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Inverse problems

Notes

I is the identity matrix.

h is a known blur kemnel and * denotes convolution (H is a discrete convolution operator).
When h is unknown the reconstruction problem is known as blind deconvolution. [']

S is a subsampling operator (identity matrix with missing rows) and B is a blurring operator

cooresponding to convolution with a blur kernel. 2]

S is a diagonal matrix where Sm- = 1 for the pixels that are sampled and S; ; = 0 for the
pixels that are not. 131
S is a subsampling operator (identity matrix with missing rows), F is the discrete Fourier

transform matrix, and M is a diagonal matrix representing a spatial domain multiplication
with the coil sensitivity map (assuming a single coil aquisition with Cartesian sampling in a

SENSE framework). (4]

R is the discrete Radon transform. [%)

M is the sensing matrix related to the 3D mask. 6]

M is the sensing matrix related to the 3D mask. g

The matrix H represents the shift-invariant 3D convolution operation, and the matrices K,
and R, represent the transformation operations applied to the temporal and spatial

dimensions, respectively. 8]

S is a decimation operator with a downsampling factor of two in each dimension, this is
required because SIM aims at doubling the lateral resolution. M; is a diagonal matrix

associated to the Zth illumination patterns. H is a discrete convolution operator.[g]

F s the discrete Fourier transform matrix, M is a diagonal matrix associated to the ith

illumination patterns. (o]

\- | denates the absolute value, the square is taken elementwise, and A is a (potentially

complex valued) measurement matrix that depends on the application. The measurement
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Model-based method for inverse problem

Probabilistic formulation of an inverse problem
y=Ax+n  x~% n~N(0,a?])
Maximum a posteriori probability (MAP) estimator

1
X = argmin;— ly — Ax||5 + h(x), h(x) = —log(Py(x))
XeRn 20 (1

Proximal operator is an optimization-based image denoiser

prox,(z) = arg min-— ||z — x||5 + h(x)
xeRn 20 Xt

xt « prox,(z%) zt—xt-y W Vetlly — Ax*|5



Diffusion model for inverse problem

_ Measurement-guidance DDIM
Forward trajectory of DDIM

Xt = /e X —|— 1.,.-"]_ — (Xt £, L ™ ,."\'I.l'r{[}, I}J v}: IDEPI(KI | }T) — 1vl::-.:E IDEPI(KI} + vx: ]Dgp(}r | Kt):

Backward trajectory of DDIM

_ Xt + (1 — )V, log pr(x¢)
Xi—1 =/ 0t—1 ( ‘\/D:_f X + (1 — -‘-’Ft]?x,, lcngpt[}iﬁ} :
; Kﬂlt — V/Ct_t ] {]43]
+ \jl — Q1 — Uf‘ (_V 1 — "—Tzvx: 195?::(}{::)) _
Xoie = Xoj¢ + £t Vx, log p(¥ | X¢), (14b)
1 '
( Xt—1 = /-1 Xgy¢

(3)

— \/]_ — ip_1 — JE (‘n.,-* 1— l‘l‘t?}:; IDEPI(KIJ) )
(14c)
Xo|t

! 2
Xt Xt—1 xOlt (2)




Diffusion model for inverse problem

Reverse SDE
@— dx = [f(x,t) — G(t)*V, logp,(x)]dt + g(t)dw

Sg*(X) ~ Vxlogp(x,)

Denoiser

Generative diffusion prior
Xp: I dx = f(x, t)dt + g(t)dw Xo
Forward SDE

thlog p(xt|Y) = thlog p(let) + thlog p(xt)

Measurement Denoiser
process




Diffusion model for inverse problem

Score ALD:

ILVR:

x — (ATA) AT (g — Azy)

DPS:

(T4 V2, logpi(we)) " AT

: ( y — AE[X|X; = z1] )

IIGDM:

Xo| X = .
x 70:5[ ol X ztl(rfAAT+frfrI}_1AT

Va logply| X, = o) }7

Az,
. ( y - AE[X[‘]|X1 = ZQ] ]

Moment Matching:

o vz‘]E[Inlzg]T}iT(ﬂ'if + ArrfvmlE[zMzg]AT)_l

(y — AE[zo|z:] )

SNIPS:

x = 5T |02l — o228 T[' (g - 22, )

DDRM:

x = 3T |20 — 0?2557 | (g - 2oy, )

DDNM:

x Bt ( y — AE[Xo| X = 71, 9] )

(1

PnP

Diffusion

0 Xo|t
Xt  Xe—1 xOlt()

Connection of diffusion and PnP



Connection between diffusion model and PnP

(a) Plug-and-play

Gaussian :
Denoiser* Data-consistency
Xo|t
(b) Diffusion model
Generative Data-
Denoiser consistency




Plug-and-play diffusion model for inverse problem

xt « prox,(z%)

2t xtoyw th||}’@

Solution 1: Half-Quadratic Splitting (HQS)
xp, = (HTH + M) 7 (HTy + Axg)),

Solution 2: Generalized Alternating Projection (GAP)

Xoe = Xop + H' (y — Hxgpe),
Our solution: Fused update of GAP and HQS

Xpre = (1 — 8¢)(Xoe + H'(y — Hxg))
+6(H H+ )" (H'y + Axq),).

____________________________________________________________________

Algorithm 1 Fused Data Guidance for Diffusion Sampling

Require: Observation y, SPI forward model H, score func-

tion, diffusion schedule {0}, fusion weights {4; }

I: Initialize X7 ~ N(0,1)
2: fort =T to1ldo

3

D

o0

10:

X¢+(1—ae) Vi, log pe(xe) // Denoise

NGT
8GAP < Xo|¢ T+ Hf(y — Hx0|t) // GAP term

guos < (HTH + M)~ (HTy + Axg¢) // HQS term
x6|t — (1 — d¢)gcap + 0t8uQs // Fused term
A (xe—v@xg,.)

' Vi—a;

X0|t —

. 3 m ('wzmét -+ CGt)

// DDIM Sampling

11: end for
12: return Xg

Fused data-guidance for diffusion model



Results

DDIM + HQS DDIM + GAP + HQS

DDIM + GAP




Results

Table 1. Reconstruction metrics comparison across methods.

Method PSNR (dB) SSIM LPIPS
H'y 20.55 039  0.54
DDIM+GAP 24.09 0.62 033
DDIM+HQS 24.64 0.67  0.38
DDIM+GAP+HQS 24.76 0.68  0.37

Table 2. Reconstruction Results across different CRs.

CR  PSNR SSIM LPIPS

1% 21.23 047 0.56
5% 24776 0.68 0.37
10% 25.66  0.70 0.25
20% 27.01 0.78 0.18




Thank youl!
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